The isospin-and momentum-dependent MDI interaction, which has been extensively used in intermediate-energy heavy-ion reactions to study the properties of asymmetric nuclear matter, is extended to include the nucleon-hyperon and hyperon-hyperon interactions by assuming same density, momentum and isospin dependence as for the nucleon-nucleon interaction. The parameters in these interactions are determined from the empirical hyperon single-particle potentials in symmetric nuclear matter at saturation density. The extended MDI interaction is then used to study in the mean-field approximation the equation of state of hypernuclear matter and also the properties of hybrid stars by including the phase transition from the hypernuclear matter to the quark matter at high densities. In particular, the effects of attractive and repulsive ΣN interactions and different values of symmetry energies on the hybrid star properties are investigated.
I. INTRODUCTION
The study of the in-medium baryon-baryon effective interactions is one of the fundamental problems in nuclear physics. While significant progress has been made in understanding the nucleon-nucleon interaction in nuclear medium, our knowledge on the hyperon-nucleon and hyperon-hyperon interactions in nuclear medium is very limited. The latter is important for understanding the properties of hypernuclei, the equation of state (EOS) of dense baryonic matter, the properties of compact stars in which hyperons are expected to appear abundantly, and strangeness production in heavy-ion collisions. Therefore, it is of great interest to develop an effective model for the hyperon-nucleon and hyperon-hyperon interactions in nuclear medium.
The in-medium single-particle potential of a nucleon generally depends not only on the nuclear density and its momentum but also on its isospin. The isospin-and momentum-dependent MDI interaction is such an effective nuclear interaction based on the finite-range Gogny interaction [1] . This interaction has recently been extensively used in studying the isospin and momentumdependent effects in nuclear reactions and the properties of neutron stars (for a recent review see Ref. [2] ). In particular, using this interaction in the Isospin-dependent Boltzmann-Uheling-Ulenback (IBUU) transport model with the isospin-dependent in-medium nucleon-nucleon scattering cross sections, a relatively stringent constraint on the density dependence of the nuclear symmetry energy at subsaturation densities was obtained from the isospin diffusion data in intermediate-energy heavy-ion collisions [3] [4] [5] . The resulting symmetry energy has been used to constrain the neutron skin thickness of heavy nuclei [6] and the properties of neutron stars [7] [8] [9] [10] [11] including the transition density, which separates the liquid core from the inner crust of a neutron star, and other properties of neutron stars by assuming that they only consist of nucleons, electrons, and muons [12, 13] .
In this paper, we extend the MDI interaction to include nucleon-hyperon and hyperon-hyperon interactions. This is achieved by assuming that the nucleon-hyperon and hyperon-hyperon interactions have the same density and momentum dependence as the nucleon-nucleon interaction with the interaction parameters fitted to known experimental data at normal nuclear matter density. With this extended MDI interaction, we then study, as an example, the properties of hybrid stars that not only consist of appreciable fraction of hyperons but also a possible quark matter in their dense core [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . For the hadron-quark phase transition, we use the Gibbs construction [27, 28] with the quark phase described by a simple MIT bag model [16, 29] . In particular, we study the effects of attractive and repulsive ΣN interactions and different symmetry energies on the properties of hybrid stars. We note that there have been extensive studies on hybrid stars based on various approaches, such as the relativistic mean field (RMF) model [30] [31] [32] [33] [34] , the Brueckner-Hartree-Fock theroy [35] [36] [37] [38] [39] , and phenomenological models [40, 41] . This paper is organized as follows. In Sec. II, we describe the method used in extending the MDI interaction to include the hyperon-nucleon and hyperon-hyperon interactions. The extended MDI interaction is then used in Sec. III A to study the thermodynamical properties of hypernuclear matter and its equilibrium conditions. The MIT bag model is used in Sec. III B to describe the properties of the quark matter and in Sec. III C to study the hadron-quark phase transition in dense matter. In Sec. IV, we show and discuss the results on the parti-cle fractions in dense matter and its equation of state as well as the mass-radius relation of hybrid stars in different scenarios. A summary is given in Sec. V.
II. THE MDI INTERACTION WITH HYPERONS
The MDI interaction is an effective nuclear interaction with its density and momentum dependence deduced from the phenomenological finite-range Gogny interaction [1] . In the mean-field approximation, the potential energy density in a nuclear matter of density ρ and isospin asymmetry δ = (ρ n − ρ p )/ρ with ρ n and ρ p being, respectively, the neutron and proton densities, is given by
where τ (τ ′ ) is the nucleon isospin, f τ ( r, p) is the nucleon phase distribution function, and ρ 0 = 0.16 fm −3 is the saturation density of normal nuclear matter. Values of the parameters A u (x), A l (x), B, σ, Λ, C l = C τ,τ and C u = C τ,−τ can be found in Refs. [1, 4] . The parameter x, related to the coefficient of the spin-exchange operator in the Gogny/Skyrme interactions, is used to adjust the density dependence of the symmetry energy away from the saturation density without changing the properties of symmetric nuclear matter. At subsaturation densities, its value has been constrained between 0 and −1 from the analysis of the isospin-diffusion and neutron skin thickness data [3] [4] [5] 42] .
A. The extended MDI interaction
To extend the MDI interaction for the nucleon-nucleon (N N ) interaction to include the nucleon-hyperon (N Y ) and hyperon-hyperon (Y Y ) interactions, we assume that the latter have the same density and momentum dependence as that between two nucleons. The potential energy density of a hypernuclear matter due to interactions between any two baryons then has the following general form:
where b (b ′ ) denotes the baryon octet included in the present study, i.e., N , Λ, Σ, and Ξ. We use the conventions that τ N = −1 for neutron and 1 for proton [43] , τ Λ = 0 for Λ, τ Σ = −1 for Σ − , 0 for Σ 0 and 1 for Σ + , and τ Ξ = −1 for Ξ − and 1 for Ξ 0 . In the above, the total baryon density is now given by ρ = b τ b ρ τ b , and f τ b ( r, p) is the phase-space distribution function of particle species τ b . The interaction parameters are denoted by
If there are only nucleons, we can rewrite
which then reduce to the original parameters in the MDI interaction for nucleons [1, 4] . The parameter x is again used to model the isospin effect on the interaction between two baryons, and its value is taken to be 0 or −1 in the present study for all baryon pairs.
The single-particle potential for a baryon of species τ b in a hypernuclear matter can then be obtained from the total potential energy density of the hypernuclear matter, given by
For the interaction parameters
that involve hyperons, they can in principle be determined from the nucleon-hyperon and hyperonhyperon interactions in free space. Because of the lack of hyperon-nucleon scattering experiments, information on the hyperon-nucleon interactions has been mainly obtained from the hyperon single-particle potentials extracted empirically from studying Λ [44] as well as Σ [45, 46] and Ξ [47] production in nuclear reactions. Although this has led to extensive studies of the hyperon-nucleon interaction in the past [48] [49] [50] , the isospin and momentum dependence of the hyperonnucleon in-medium interactions is still not very well determined, and the situation is even worse for hyperon-hyperon interactions. We therefore assume in the present study that
are all proportional to corresponding ones in the nucleon-nucleon interaction. Specifically, for A bb ′ , A ′ bb ′ and B bb ′ , we assume
and for
we assume
, with Λ and Σ 0 treated differently. We determine the values of f bb ′ by fitting the empirical potential
of baryon b at rest in a medium consisting of baryon species b ′ . For hyperons in symmetric nuclear matter at saturation density, their potentials are
for the Λ potential from the analysis of (π + , K + ) and (K − , π − ) reactions on nuclei [51, 52] and
for the Ξ potential from the analysis of (Ξ, [54, 55] reactions. This leads to the values f N Λ = 1 and f N Ξ = 0.73. For the Σ hyperon, its potential was taken to be attractive in earlier studies [45] , but more recent analysis indicate that it is repulsive in the nuclear medium [56] [57] [58] [59] [60] . In the present work, we consider both the attractive and repulsive cases
By setting f N Σ = 1 we get an attractive ΣN interaction, and this is called MDI-Hyp-A in the following. To obtain a repulsive ΣN interaction, called MDI-Hyp-R in the following, we adjust the values of positive and negative terms in the single-particle potential by setting
′ N N without changing other parameters as in the case of MDI-Hyp-A interaction. A similar method of changing an attractive ΣN interaction to a repulsive one was used in the RMF calculation [31] by changing the coupling constants of ω and ρ mesons. For the hyperon-hyperon interaction, the parameters are fitted according to [61] Table. I. These parameterizations can be viewed as a baseline for studying the properties of the hypernuclear matter, and more sophisticated treatments are left for future work after the in-medium properties of hyperons are better understood. It will be shown in the following that many interesting results can already be obtained even with these simple parameterizations.
B. Single-particle potentials
An important quantity related to the interaction of a particle in nuclear medium is its single-particle potential as given by Eq. (3), which is also needed later in our study of the properties of neutron stars. The single-particle potential of a particle depends not only on the density of the medium but also on the momentum of the particle. In this section, we show and discuss the single-particle potentials of both nucleons and hyperons in nuclear matter obtained from the extended MDI interaction. We first show in Fig. 1 the single-particle potential of a particle at rest in symmetric nuclear matter as a function of density. Although the nucleon potential is more attractive at normal density than those of hyperons, it becomes more repulsive than the hyperon potentials above about 5 times normal nuclear density, including the Σ potential that is attractive at normal density. For the Σ potential that is repulsive at normal density, it becomes more repulsive as the density increases and becomes slightly attractive only at very low densities. Comparing our results with those from other models given in Ref. [62] (and references therein), the single-particle potentials of Λ and Σ are close to those from the chiral effective field theory [63] , but more repulsive than those based on the G-matrix calculations using the soft core Nijmegen model or the Jülich meson-exchange model for the free hyperonnucleon interactions, particularly at high densities.
The single-particle potential of a particle from the extended MDI interaction also depends on its momentum. Figure 2 shows the momentum dependence of the singleparticle potentials for both nucleons and hyperons in symmetric nuclear matter at saturation density. Again, results using both attractive and repulsive ΣN interactions (i.e., MDI-Hyp-A and MDI-Hyp-R) are shown for comparison. Also indicated in the figure is the Fermi momentum of nucleons. For nucleons, the single-particle potential from the MDI interaction is consistent with the Schrödinger equivalent potential obtained by Hama et al. from the nucleon-nucleus scattering data [64, 65] up to the nucleon momentum of 500 MeV. For hyperons, the momentum dependence of their single-particle potentials from the extended MDI interaction is similar to that obtained from the G-matrix calculations based on the free Nijmegen N Y interaction [37] . Both show an increase with increasing momentum and are similar at low momenta as both are constrained by available experimental data. They are, however, slightly different at high momenta. The momentum dependence of N Y and Y Y interactions thus remains an open question, especially at high momenta. Also, the density dependence of the high-momentum behavior of the mean-field potential is poorly known. Since the maximum Fermi momenta of nucleons and hyperons reached in hybrid stars are not very high, the incorrect nucleon potential and the uncertainty of hyperon potentials at high momenta given by the extended MDI interaction are thus not expected to affect significantly the properties of cold hypernuclear matter considered in the present study. It is known that both proton and neutron singleparticle potentials in asymmetric nuclear matter of unequal proton and neutron densities are approximately linear in the isospin asymmetry δ of the matter. Whether this is also the case for hyperons is not clear in the literature. For the extended MDI interaction introduced in the present study, such a linear dependence in isospin asym-metry, however, also holds for Σ and Ξ hyperons. The single-particle potential of a particle in asymmetric nuclear matter can thus be written in general as
for the nucleon, Σ and Ξ hyperons, respectively. From the single-particle potentials of nucleons, Σ and Ξ hyperons in asymmetric nuclear matter at normal nuclear matter density and of isospin asymmetry δ = 0.2, we have calculated their symmetry potentials using above definitions. In Fig. 3 , the momentum dependence of these symmetry potentials are compared. All symmetry potentials are seen to decrease with increasing momentum. At zero momentum, the symmetry potentials of nucleon and Ξ are about 34 MeV and 12 MeV, respectively, and for the Σ hyperon they are 17 MeV for an attractive ΣN interaction and 9 MeV for a repulsive one. Although the symmetry potentials at normal nuclear density are independent of the value of x, which is used in the MDI interaction to model the stiffness of nuclear symmetry energy at densities different from the normal density, this is not the case at other densities. This is demonstrated in Fig. 4 for the symmetry potentials of the nucleon, the Σ hyperon and the Ξ hyperon in asymmetric nuclear matter at density ρ = 3ρ 0 for the two symmetry energy parameters x = 0 and x = −1. For x = 0, the symmetry potentials at zero momentum are 53 MeV and 19 MeV for the nucleon and the Ξ hyperon, respectively, and for the Σ hyperon they are 26 MeV with the MDI-Hyp-A interaction and 2 MeV with the MDI-Hyp-R interaction. These values are changed to 174 MeV and 63 MeV for the nucleon and the Ξ hyperon, respectively, and for the Σ hyperon to 87 MeV for the MDI-Hyp-A interaction and 143 MeV for the MDI-Hyp-R interaction for the case of x = −1. As noted in Ref. [66] , the charged Σ baryon ratio in heavy-ion collisions can be used as a probe to constrain the nuclear symmetry energy (potential) at densities larger than 3ρ 0 . It will be very interesting to see how the symmetry potentials of Σ and Ξ hyperons in nuclear matter affect the charged Σ hyperon ratio and the charged Ξ hyperon ratio in heavy-ion collisions induced by neutron-rich nuclei. This is important for determining the high density behavior of the nuclear symmetry energy using these ratios in heavy-ion collisions. The extended MDI interaction with hyperons is therefore useful for studying the nuclear symmetry energy (potential) at ρ > 3ρ 0 in the transport model calculation for heavy-ion collisions.
III. EQUILIBRIUM CONDITIONS AND THERMODYNAMICAL RELATIONS IN DENSE MATTER
The extended MDI interaction is also useful for studying the properties of a hybrid star that is expected to have a quark core at high densities, a mixed phase of quarks and hadrons at moderate densities, and a hadron phase at low densities. We review in this section the β-equilibrium, charge neutrality, and baryon number conservation conditions of such a matter.
A. The hadron phase
In the hadron phase of a hybrid star, the matter consists of nucleons, hyperons and leptons. For leptons, we include both electrons and muons with their masses taken to be 0 and 106 MeV, respectively. At equilibrium, these particles satisfy following baryon number conservation, charge neutrality and β-equilibrium conditions:
In the above, q i and b i are, respectively, the charge and baryon numbers of particle species i, where i can be nucleons, hyperons or leptons, and their density and chemical potential are denoted, respectively, by ρ i and µ i . The total baryon density of the hadron phase is denoted by ρ, and µ Taking into account their interactions in the mean-field approximation, the chemical potential of baryon species τ b is given by
where p F τ b is their Fermi momentum, and U τ b and m τ b are, respectively, the single-particle potential and mass of the baryon. For leptons (l = µ, e) their chemical potential is given by µ l = (m 2
In terms of the densities of various particles, the total energy density of the hadron phase can be written as
where V H and V L are the contributions from baryons and leptons, respectively. The former can be written as
where
is the potential energy density of baryons with V bb ′ calculated from Eq. (2), and V HK and V HM are, respectively, the kinetic energy and mass contributions given by
The contribution V L from leptons is calculated by treating them as a free Fermi gas, i.e.,
The pressure of the hadron phase is obtained from the thermodynamical relation
where b and l run over all species of baryons and leptons, respectively. We note that the thermodynamical consistency condition
is satisfied.
B. The quark phase
As the nuclear matter density increases, such as in the core of neutron stars, not only hyperons appear but also a quark matter could exist [15] . To take into consideration possible transition between the hadronic matter and the quark matter, we follow many previous studies to use in the present study the MIT bag model [16, 29] to describe the cold quark matter that might exist in the dense core of neutron stars.
For the quark phase consisting of quarks and leptons, the baryon number conservation and charge neutrality conditions are given by expressions similar to Eqs. (9) and (10) 
The total energy density and pressure of the quark phase can be calculated from
where V Q and P Q are the energy density and pressure of quarks, which can be calculated from the MIT bag model as described in the following, and V L and P L are the energy density and pressure of leptons given by same expressions as those in the hadron phase. At zero temperature, the density ρ f , chemical potential µ f , and energy density V f of quarks of flavor f = u, d, s in the quark matter are given, respectively, by
where p F f is the Fermi momentum of quarks of flavor f . For the quark masses, they are taken to be m u = m d = 0 and m s = 150 MeV. In the bag model, the energy density is modified by a bag constant B, resulting in an energy density given by
This leads to the following pressure for the quark matter:
where ρ is the total baryon density of the quark phase
C. The hadron-quark phase transition
The hadron-quark phase transition leads to a mixed phase of hadronic and quark matters, which is usually described by the Gibbs conditions [27, 28] 
The Gibbs conditions for the chemical potentials can also be expressed as
Since only the case of zero temperature is considered in this paper, the first condition in Eq. (26) is always satisfied. To solve above equations, we follow the method of Ref. [28] . In this method, one first calculates the pressure of the hadron phase at a series of baryon densities. From the known chemical potentials µ n and µ e of the hadronic matter at these densities, one then calculates the pressure of the quark matter that is in chemical equilibrium with corresponding hadronic matter, i.e., with the quark chemical potentials µ u , µ d and µ s determined by the two relations in Eq. (27) . The hadronic baryon density at which the two pressures are the same is then the lowdensity boundary of the hadron-quark phase transition.
As an illustration, we show in Fig. 5 the results for the case of the symmetry energy parameter x = 0 and the bag constant B 1/4 = 180 MeV. The solid line is the density dependence of the pressure of the hadron phase calculated using the model described in Sec. III A, while the dash-dotted line is the pressure of the quark matter that is in chemical equilibrium with the hadronic matter as a function of the baryon density of the hadronic matter. The low-density boundary of the hadron-quark phase transition is indicated by the intersection of the solid line and the dash-dotted line.
Above the low-density boundary determined above, the dense matter enters the mixed phase, in which the hadron phase and the quark phase satisfy following chemical equilibrium, mechanical equilibrium, baryon number conservation, and charge neutrality conditions:
where i runs over baryons, leptons and quarks, and Y is the baryon number fraction of the quark phase. We note that in the mixed phase the total charge is zero and the leptons play an important role in maintaining the charge neutrality and β-equilibrium conditions. The total energy density and pressure of the mixed phase are calculated according to
It is obvious that we have a pure hadron phase for Y = 0 and a pure quark phase for Y = 1. For the case of the symmetry energy parameter x = 0 and the bag constant B 1/4 = 180 MeV considered above, the pressure of the mixed phase as a function of the baryon density obtained from solving Eq. (28) is shown in Fig. 5 by the dotted line. The mixed phase starts at the low-density boundary of the hadron-quark phase transition and ends at the highdensity boundary of the hadron-quark phase transition when the matter is a pure quark matter, whose pressure is calculated using the model described in Sec. III B and is shown by the dashed line in Fig. 5 as a function of the baryon density.
There is a recent study based on the Relativistic MeanField model for the hadron phase and the MIT bag model for the quark phase to compare the behavior of the mixed phase in the Gibbs construction with that in the Maxwell construction, which does not require same charge chemical potential for the hadronic matter and quark matter in the mixed phase [67] . The pressure of the mixed phase in the Maxwell construction is found to be constant with respect to its baryon density, which is in contrast with the increasing pressure of the mixed phase with increasing baryon density in the Gibbs construction as seen in Fig. 5 . It is worthwhile to point out that although the charge neutrality condition in Eq. (28) is satisfied globally, it is violated in each phase. A more realistic equation of state of the mixed phase can be obtained from the Wigner-Seitz cell calculation by taking into account the Coulomb and surface effects. The equation of state of the mixed phase obtained from this approach lies between those from the Gibbs and Maxwell constructions. The latter can thus be viewed as two extreme cases corresponding to certain values of the surface tension parameter in the Wigner-Seitz cell calculation [68, 69] .
IV. RESULTS AND DISCUSSIONS
In this section, we use the extended MDI (MDI-Hyp) interaction to study the equation of state and the relative particle fractions in the charge neutral and β-stable hypernuclear matter. Including the hadron-quark phase transition in the hypernuclear matter, we further study the mass-radius relation of hybrid stars. Results from different values of the symmetry energy parameter x, the bag constant, and attractive and repulsive ΣN interactions are compared.
A. The hypernuclear matter Using the extended MDI interaction with hyperons (MDI-Hyp), we have studied the particle fractions in a hypernuclear matter as functions of the baryon density. The results are shown in Fig. 6 for MDI-Hyp-A ((a) with x = 0 and (b) with x = −1) and MDI-Hyp-R ((c) with x = 0 and (d) with x = −1) interactions. The density dependence of corresponding particle chemical potentials is shown in Fig. 7 . It is seen that the effect of hyperons is more pronounced at higher densities, and the appearance of hyperons prevents the neutron chemical potential from increasing too fast. Similar to the results from other works, the Λ hyperon appears at baryon density of about 3ρ 0 . For the Σ hyperon, the density at which it appears depends on the sign of the ΣN interaction. For the attractive MDI-Hyp-A interaction, it appears at about 2ρ 0 , while for the repulsive MDI-Hyp-R interaction, it does not appear until very high densities due to the rapid increase of the chemical potentials of Σ hyperons with increasing total baryon density as shown in Fig. 7 , making it difficult to satisfies the β-equilibrium condition at small baryon densities. This result is similar to that reported in the literature [31, 40] . Also, with the value x = −1, corresponding to a stiffer symmetry energy, the fractions of leptons are lower at subsaturation densities but higher at higher densities, which results in a larger charge chemical potential at higher densities and the appearance of negatively (positively) charged hyperons at a lower (higher) density. A stiffer symmetry energy also increases the neutron chemical potential and thus leads to a larger total hyperon fractions at higher densities. Since the total charge of the hypernuclear matter is conserved, an increase in the fraction of negatively charged hyperon results in an increasing fraction of protons and decreasing fraction of leptons. We note that for the MDI-Hyp-R interaction and at the density 10ρ 0 , about 50% of the particle fraction is made up by hyperons, and the fraction of Λ particles is larger than that of protons at high densities.
In Fig. 8, we show ter from the MDI interaction with x = 0 and x = −1 and of hypernuclear matter from the MDI-Hyp-A and MDIHyp-R interactions. It is seen that the EOS is softened when hyperons are present as compared to the EOSs of pure nuclear matter. We note that the EOS at moderate densities plays an important role in determining the maximum mass of neutron stars. Without hyperons, the EOS at moderate densities is stiffer for smaller value of x, while it becomes stiffer for larger value of x when hyperons are included, especially for a repulsive ΣN interaction. As shown in Fig. 6 , a stiffer symmetry energy leads to a larger number of hyperons, which results in a softer EOS as a result of the lower pressure due to the presence of more degrees of freedom, and the effect of hyperons on the EOS is smaller for a soft symmetry energy, as fewer hyperons are then present in the hypernuclear matter. One the other hand, the symmetry energy contribution to the pressure of the hypernuclear matter is larger for x = −1 than x = 0. As a result, the EOS of hypernuclear matter shows similar stiffness for different symmetry energy parameters. Furthermore, the EOS from the MDI-Hyp-R interaction is stiffer than that from the MDI-Hyp-A interaction, as Σ particles do not appear in the former case as shown in Fig. 6 . Our results thus show that the hypernuclear matter has a stiffer (softer) EOS at lower densities but a softer (stiffer) EOS at moderate densities with a stiffer (softer) nuclear symmetry energy. We note that the results from both x = 0 and x = −1 are consistent with the constraints on the nuclear equation of state obtained from the analysis of the collective flow data in heavy-ion collisions [70] . At higher densities in the core of a neutron star, a transition from hadron matter to quark matter is expected to occur. Here we only consider the hadron-quark phase transition for the repulsive ΣN interaction as it is more consistent with the latest empirical information [56] [57] [58] [59] [60] . In Fig. 9 , we display the particle fractions of each species in the presence of a hadron-quark phase transition, with the hadron phase from the MDI-Hyp-R interaction with x = 0 and x = −1 and the quark phase from the MIT bag model with bag constants B 1/4 = 180 MeV and 170 MeV. The particle fractions are weighted by the baryon number and corresponding phase fraction. It is seen that for B 1/4 = 180 MeV, the phase transition begins at the density 0.35 fm −3 and ends at the density 1.38 fm −3 for x = 0, and begins at the density 0.26 fm −3 and ends at the density 1.38 fm −3 for x = −1, while for B 1/4 = 170 MeV it begins at the density 0.21 fm −3 and ends at the density 1.05 fm −3 for x = 0, and begins at the density 0.18 fm −3 and ends at the density 1.05 fm −3 for x = −1. The hadron-quark phase transition thus happens at lower baryon number density for a stiffer symmetry energy and for a smaller value of B, while the density at which the hadron-quark phase transition ends seems to depend only on the value of B but not much on the value of the symmetry energy parameter x. With a smaller value of the bag constant, the hadron-quark phase transition both begins and ends earlier. It is also seen that d and s quarks occupy a larger fraction than u quarks in the mixed phase because of their negative charges, so the lepton fraction decreases while the proton fraction increases when the hadron-quark phase transition occurs. Furthermore, only Λ hyperons (no other hyperons) appear in the mixed phase in our model. The fraction of Λ hyperons is, however, sensitive to the value of the bag constant B, and with a smaller value of B its fraction becomes smaller. For the EOSs in the presence of the hadron-quark phase transition, they are shown in Fig. 10 with B 1/4 = 180 MeV and 170 MeV. Our results show that the EOSs of the mixed phase and the quark phase are both softened in comparison with a pure hadron phase. The difference between the results from x = 0 and x = −1 is not large except for the different starting density of the hadronquark phase transition. Since the EOS is more sensitive to the value of bag constant than to the value of x when the quark degrees of freedom are introduced, the bag constant B is thus the main parameter in determining the EOS of dense matter as reported in other work [22] . The energy density at the end of the hadron-quark phase transition is about 1.2 GeV/fm 3 for B 1/4 = 180 MeV and about 1.6 GeV/fm 3 for B 1/4 = 170 MeV, with the former closer to the value of about 1 GeV/fm 3 obtained from the lattice QCD calculation [71] and extracted from heavy-ion collision experiments [72] . Compared with the equation of state constrained by the collective flow data in heavy-ion collisions [70] , our results from both values of bag constants satisfy the empirical constraint.
C. Hybrid stars
In this subsection, we use the MDI-Hyp interaction to study the properties of static hybrid stars with spherically symmetric mass distributions. In particular, we calculate the mass-radius relation of a hybrid stars using Tolman-Oppenheimer-Volkoff (TOV) equation [73, 74] 
where m g is the gravitational mass inside the radius r of the hybrid star given by
with ǫ(r) being the energy density. Above equations are solved by starting from a central energy density ǫ(r = 0) ≡ ǫ c and integrating outward until the pressure on the surface of the hybrid star defined by r = R vanishes, i.e, P (R) = 0. This gives the radius R, and the total gravitational mass of a hybrid star is then given by M = m g (R). In our calculations, the hybrid star is divided into three parts from the center to the surface: the liquid core, the inner crust and the outer crust as in our previous work [12, 13] . In the liquid core it is assumed to be the hypernuclear matter or that with the hadron-quark phase transition, and the resulting EOSs shown in previous subsections are used. In the inner crust, a parameterized EOS of P = a + bǫ 4/3 is used as in the previous treatment [12, 13] . The outer crust usually consists of heavy nuclei and the electron gas, where we use the BPS EOS [75] . The transition density ρ t between the liquid core and the inner crust has been consistently determined in our previous work [12, 13] , and for the density which distinguishes the edge of inner crust and outer crust, we take it to be ρ out = 2.46 × 10 −4 fm −3 . The parameters a and b can then be determined by the pressures and energy densities at ρ t and ρ out .
In Fig. 11 , we show the mass-radius (M-R) and masscentral density (M-ρ c ) relations of hybrid stars from the EOS of the hypernuclear matter without the hadronquark phase transition as obtained above based on the MDI-Hyp interaction. Results using both attractive and repulsive ΣN interactions are shown, and the results from a pure nucleonic approach without hyperons are also shown for comparison. The maximum mass obtained with hyperons in hybrid stars is seen to be smaller as the EOS of the hypernuclear matter is softer than that of the nuclear matter. The EOSs at moderate densities play an important role in determining the maximum mass, as the M-ρ c relation shows that the neutron star mass can not increase even the central density reaches a very high value. The mass is larger when a repulsive ΣN interaction is used as a result of the smaller number of degrees of freedom and stiffer EOS, as discussed in the previous subsection. For smaller values of ρ c a stiffer symmetry energy gives a larger mass as the nuclear matter dominates this density range, and the results are thus the same as those in our previous work [12, 13] . With larger ρ c , the effect due to the nuclear symmetry energy is small, and the mass from x = 0 is similar to that from x = −1 because of the opposite effects from the symmetry pressure and the fraction of hyperons on the equation of state. The maximum mass obtained with an attractive ΣN interaction is 1.59M ⊙ for x = 0 and 1.57M ⊙ for x = −1, where M ⊙ is the solar mass. With a repulsive ΣN interaction the maximum mass increases to 1.65M ⊙ for x = 0 and 1.67M ⊙ for x = −1. Our results thus differ from those of many previous works [38, 39] that the maximum mass of hybrid stars cannot reach the canonical value of 1.4M ⊙ . In our model, the radius of a hybrid star with a mass of 1.4M ⊙ is 11.2 km for x = 0 and 11.9 km for x = −1 for an attractive ΣN interaction, and 11.9 km for x = 0 and 13.2 km for x = −1 for a repulsive ΣN interaction, respectively.
In Fig. 12 transition. With the Maxwell construction, the radius of a maximum mass hybrid star would be larger. Within our model, both treatments of the phase transition give, however, reasonable masses and radii for hybrid stars.
Finally, we note that the original MDI interaction does not lead to the violation of causality in β-stable npeµ matter up to 10ρ 0 as shown in Panel (d) of Fig. 2 in Ref. [13] . Since the EOS of neutron star matter is softened by the presence of hyperons and quarks, the causality condition is still satisfied for the extended MDI interaction used in the present study, and this is confirmed by explicit calculations.
V. SUMMARY
We have extended the MDI interaction for the nucleonnucleon effective interaction in nuclear medium to include the nucleon-hyperon and hyperon-hyperon interactions by assuming that they have the same density and momentum dependence as that for the nucleon-nucleon interaction. The parameters were determined by fitting the empirical hyperon single-particle potentials in symmetric nuclear matter at its saturation density. As an example for the application of the extended MDI interaction, we investigated the properties of hybrid stars that include not only the hyperon degree of freedom but also that of quarks by taking into account the phase transition between the hadron and quark phases. Our results indicate that the extended MDI interaction can give a reasonable description of the hypernuclear matter. We found that the EOS of the hypernuclear matter is much softer than that of the pure nuclear matter, and that it becomes even softer if the hadron-quark phase transition is included. The masses and radii of hybrid stars were also studied with these EOSs, and they were found to remain reasonable after including hyperons and the hadron-quark phase transition. We have also studied the effects of attractive and repulsive ΣN interactions and different symmetry energies on the hybrid star properties. The results show that the appearance of the Σ hyperon in hybrid stars depends sensitively on the sign of the ΣN interaction with a repulsive ΣN interaction giving a higher critical density for the appearance of Σ hyperons. In addition, a stiffer symmetry energy usually leads to a larger fraction of hyperons in the hypernuclear matter. We further found that both the low-density boundary of the hadronquark phase transition and the EOS at high densities in hybrid stars are more sensitive to the bag constant than to the stiffness of the nuclear symmetry energy at high densities. This extended MDI interaction, which gives an isospin-and momentum-dependent in-medium effective interactions for the baryon octet, will also be very useful in transport models that simulate heavy-ion reactions in future radioactive beam facilities, particularly at the FAIR/GSI energies.
